Based on the geometry of the codimension-2 surface in a general spherically symmetric spacetime, we give a quasi-local definition of a photon sphere as well as a photon surface. This new definition is the generalization of the one by Claudel, Virbhadra, and Ellis but without reference to any umbilical hypersurface in the spacetime. The new definition effectively rules out the photon surface which has noting to do with gravity. The application of the definition to the Lemaître-Tolman-Bondi (LTB) model of gravitational collapse reduces to a problem of a second order differential equation. We find that the energy balance on the boundary of the dust ball can provide one appropriate boundary condition to this equation. Based on this key investigation, we find an analytic photon surface solution in the Oppenheimer-Snyder (OS) model and reasonable numerical solutions for the marginally bounded collapse in the LTB model. Interestingly, in the OS model, we find that the time difference between the occurrence of the photon surface and the event horizon is mainly determined by the total mass of the system but not the size or the strength of gravitational field of the system.
I. INTRODUCTION
Black holes are important objects in our universe, and they had been predicted in general relativity long time ago. The confirmation of the existence of the black hole is very important in both classical and quantum level of gravity. In the Milky Way, there are about 100-400 billion stars and approximately 1.5 trillion Solar masses. It is believed that there is at least one supermassive black hole at the center of the Milky Way. To identify the existence of the black hole, one direct method is to observe its event horizon. However, in principle, the observation of the event horizon is impossible due to the infinite redshift of signal. What we are observing is the signal coming from the matter near and outside the event horizon. The first image of a black hole at the center of the M87 galaxy taken by Event Horizon Telescope has been published this year [1] [2] [3] [4] [5] [6] . A shadow can be found clearly in the photo, and it is called the black hole shadow.
Up to date, there are many studies on the black hole shadow and the photon sphere (see [7, 8] ). Roughly speaking, these studies can be put into two classes. In the first approach, by solving the null geodesic equations, we can get the photon spheres or the photon surfaces of some static spacetimes [9] [10] [11] and dynamical spacetimes with spherical symmetries [12] . For some stationary spacetimes, this method is also valid. For example, one can get the photon region around the rotating black holes by solving the null geodesic equations [13] [14] [15] [16] . However, there are some practical problems in this traditional study of the photon sphere: (i) The systems which have been studied have enough symmetries (for example the existence of a Killing tensor) to grantee the separability of the geodesic equation [7] . These are impossible for the black holes in reality or in our universe. (ii) This kind of study depends on the information at the infinity of the spacetime. This means that we have to know the metric of the full spacetime, especially the future infinity of the spacetime. Without additional assumptions, this is of course impossible. These problems inspire people to define the photon sphere or the photon surface in a different way. The second approach, i.e., the so-called quasi-local definition has drawn some attention these years. The first definition is given by Claudel, Virbhadra, and Ellis [17] . They define a photon surface in a general spacetime to be a timelike (or a null) umbilical hypersurface. Based on this definition, the photon surfaces in general spherically symmetric spacetimes have been studied. However, there are some obvious problems in this definition: (i). The definition allows the existence of some photon surfaces which has nothing to do with gravity, such as an arbitrary null hypersurface or a timelike hyperbolic surface in Minkowski spacetime. (ii). The umbilical condition, i.e, the shear tensor of the hypersurface is vanishing, is too restrictive. This makes their definition does not work in an axisymmetric stationary spacetime.
In this paper, we ask and discuss some fundamental questions on the photon surface and the relevant astronomy observation. Firstly, the photon surface should reflect some strong gravity properties of the astronomical objects. Otherwise, the observation is meaningless. For instance, the photon surface can not be a characteristic of a black hole if the photon surface also exists in a flat spacetime. This requirement is not so strong but rules out the definition based on the umbilical hypersurface. Secondly, the photon surface should be some forerunner or foreshadow of the event horizon. For a stationary black hole, the photon surface or the photon region is really a succedaneum of the event horizon in the observation, and people can extract a lot of information of the black hole from the shadow. Our question is: How about the dynamical case in which a black hole is formed from a massive star or a galaxy? Can the photon surface still tell us something on the event horizon? As a forerunner or a foreshadow, the photon surface should appear before the event horizon. How long will it take to wait for the occurrence of the event horizon? The time can not be too long. Otherwise the role of a foreshadow is meaningless. Imaging that we are living in a very massive galaxy, and gravitational collapse is happening. One day, we have a observation that a photon sphere has appeared near the center of the galaxy. Does that mean that a black hole has formed? Probably the event horizon is still absent (who knows), and will born in a very long time if the density of the system is very low. Can this scene happen? Does the event horizon follow closely after the photon surface? To answer these questions, we have to study the photon sphere or the photon surface in some dynamical spacetimes, i.e., the spacetimes for gravitational collapse.
In this paper, we focus on the spacetime which has the symmetry of a (codimension-2) maximally symmtric space. Based on the geometry of a codimension-2 surface of the spacetime, instead of an umbilical hypersurface, we refine the definition of the photon sphere and the photon surface by Claudel, Virbhadra, and Ellis. As expected, in this new definition, the photon surface that has nothing to do with gravity is effectively ruled out. By this new definition, we study the photon surface in the model of gravitational collapse, i.e, the Oppenheimer-Snyder (OS) model for homogenous dust and the more general model-Lemaître-Tolman-Bondi (LTB) model for inhomogenous dust. The equation for the photon surface is a second order differential equation. To solve this equation, we have to impose two boundary conditions. The generalized Birkhoff type theorem ensures that the spactime outside the dust ball is the type of Schwarzschild, so the photon surface has to satisfy a match condition on the boundary of the dust ball. On the boundary, by considering the changing rate of the energy inside the photon sphere, we get another boundary condition. By these, we find an analytic solution to the photon surface equation in the OS model, and that the time difference between the occurrence of the photon surface and event horizon is mainly determined by the total mass of the system but not the size or the strength of gravitational field of the system. So even for a galaxy with very large size and very low density, the time between the formation of the photon surface and the event horizon is quite short. So, at least in this simple model, the observation of the photon surface is a reliable method to observe the event horizon. For inhomogenous LTB model, we only consider the case of marginally bounded collapse. By numerical calculation, we get the photon surfaces both in the case where the system collapses into a black hole or a naked singularity. This study shows: The photon surface always precedes the event horizon. The event horizon, regular or not, is always accompanied with a photon surface. So even in the case of the globally naked singularity, the photon sphere or the photon surface also exists. This suggests that the observation of the globally naked singularity might be similar to the black hole. Of course, the shadow of a globally naked singularity should be very different from the one of a black hole [18, 19, [22] [23] [24] .
This paper is organized as follows: In Section II, we will give new definitions of the photon sphere and the photon surface. In section III, based on these definitions, for a general static spacetime, some theorems on the photon sphere will be presented. In section IV, we give the evolution equations of some important quantities associated with the photon surface. In section V, the photon surfaces in the OS model and the LTB model will be studied, and the analytic solution in the OS model and the numerical results for the LTB model will be shown there. The secionVI is devoted to conclusion and discussion.
II. DEFINITIONS
The metric of a spacetime (M, g) with the symmetry of a codimension-2 maximally symmetric space can be expressed as
where A = 1, 2, and i = 1, · · · , d − 2, and γ ij dz i dz j is the metric of the codimension-2 maximally symmetric space (K, γ) with a sectional curvature k = 0 , ±1. The two dimensional part of (M, g) with coordinates {y A } has a Lorentz signature and can be denoted by (M, h). It is useful to introduce two future pointing null vector fields a and n a with a n a = −1 such that
By these vector fields, it is well known that a surface (of constant r) with θ ( ) θ (n) > 0 is called trapped, and untrapped if θ ( ) θ (n) < 0. Here θ ( ) and θ (n) are the expansion scalars of the codimension-2 surface of constant r along a and n a respectively. A future marginal trapped surface is defined as θ ( ) = 0, and θ (n) < 0. Furthermore, a future marginal trapped surface is called outer if L n θ ( ) < 0. Similarly, one can define an inner future marginal trapped surface by imposing a condition L n θ ( ) > 0. The so-called future trapping horizon is a codimension-1 object which can be foliated by the future marginal trapped surface. Assuming the evolution vector is X (which is tangent to the trapping horizon), then on each leaf of the foliation, we have L X θ ( ) = 0. This actually gives a condition on X, and then one can get some properties of the horizon. All of these are basic constructions in the definition of a quasi-local horizon -The hypersurface, i.e., the horizon, is introduced without reference to the global structure (for example the global causal structure) of the spacetime [25, 26] . Sometime, instead of the double null frame { a , n a }, it is convenient to introduce an orthogonal frame {u a , v a } such that
where
and u a u a = u A u A = −1, v a v a = v A v A = 1, and u a v a = u A v A = 0. Occasionally, it is convenient to translate the definition of the marginal trapped surface in the above by using this orthogonal frame. For instance, in the case where a "1 + 1 + (n − 2)" decomposition of the spacetime is necessary, the orthogonal frame is naturally involved in. Enlightening by the definition of a quasi-local horizon, for the spacetime with metric (2.1), we propose a definition of the photon sphere as follows Definition 1 For the spacetime (M, g) with the metric (2.1), let {u, v} be an orthogonal normal frame of a codimension-2 surface on which that r is a constant, and v A v A = 1 = −u A u A , then this surface is a photon sphere if
5)
and
6)
where D A is the covariant derivative (along the natural basis ∂/∂y A ) which is compatible to the metric h of (M, h).
Here, we have assumed that v is outer pointing. Roughly speaking, the outer pointing requirement is refer to a direction from the center to the infinity of the system. This definition provides a simple classification of the photon spheres.
Definition 3 An outer (inner) photon surface is a timelike hypersurface foliated by the outer (inner) photon spheres.
To understand these three definitions, some remarks are in order:
, it is not hard to find that the first equation in the above definition can be written as
where θ (v) is the expansion of the codimension-2 surface along the v direction. At a glance, this condition suggests that the expansion θ (v) is equal to (d − 2) times of the acceleration of the observer with velocity u along the direction v. A deeper understanding can be found as follows. An arbitrary light ray in the spacetime travels along a null geodesic equation. Assuming the wave vector can be expressed as
then k a k a = 0 implies
For the observer with velocity u a = u A (∂/∂y A ) a on the codimension-2 surface, we assume he (she) gets measurement results that k a v a = 0 and k b ∇ b (k a v a ) = 0, i.e., the light does not travel along the v direction. k a v a = 0 tells us k A v A = 0. Combine eq.(2.10), we have
and ∂ i v B = 0, we find
, the light travels on the codimension-2 surface, we get eq.(2.5).
(ii). The second equation in the definition just tells us that the relation by the first equation is preserved along u. Physically, this means that the photon sphere can (at least) last a short while according to the proper time of the observer u. Otherwise, the photon sphere is not so interesting to us. This also means that the evolution of the photon sphere along the timelike direction u can give a patch of some timelike hypersurface, i.e, the so-called photon surface in the definition 3. However, it should be noted here: in the definition of a photon sphere, we are focusing on a codimension-2 surface but not a hypersurface (codimension-1).
(iii). Here, we have imposed a condition v B D B D A (v A /r) = 0 on the surface. This is equivalent to say that (2.5) can not be hold in the neighborhood of the surface, otherwise the eq.(2.5) can not be used to characterize the strong gravity or inhomogeneity around the surface. In definition 2, we have borrowed the idea from the definition of a quasi-local horizon. Mimic the outer marginal trapped surface, if the condition v B D B D A (v A /r) < 0 holds, the photon sphere is called outer. Actually, from the analysis in (i), this implies that k a v a has a tendency to decrease along the direction v. This can be understood as follows:
is positive inside (and near) the photon sphere and turns to negative in the region outside (and near) the photon sphere. On the other hand, in the region very near the photon sphere, the sign of k b ∇ b (k a v a ) is mainly determined by the last term in the right hand side of the first equality in Eq.
is negative inside (and very near) the photon sphere. This means that the light feels some force and tries to travel along the inverse direction of v. Similarly, one can use this idea to understand the definition of the inner photon spheres. In the cases where v B D B D A (v A /r) = 0, the photon sphere is degenerate, and we do not regard it as a photon sphere any more.
(iv). In principle, we do not know the orthogonal frame in advance, and the two scalar equations (2.5) and (2.6) will determine the position of the photon sphere and the orthogonal frame. This is a little bit different from the marginal trapped surface where the definition is independent of the gauge transformation (local Lorentz boost) of the null frame { , n}, i.e., θ ( ) = 0 and θ (n) < 0 are boost invariant. In this sense, the definition here is not so quasi-local as the marginal trapped surface.
(v). The above discussions are focusing on the photon sphere. Here, we give some discussion on the codimension-1 objectthe photon surface. The role playing by the photon surface is similar to the trapping horizon. After choosing a null frame, one can solve equation θ ( ) = 0 and get the future trapping horizon. Furthermore, since θ ( ) = 0 is a first order differential equation, one can get the position of the horizon once a boundary condition has been imposed. However, for the photon surface, the situation is quite different. From eq.(2.8), we know that eq.(2.5) is a second order differential equation. In some sense, the second order differential equation is equivalent to a system of differential equations which includes two first order equations. Intuitively, one of the equations can be viewed as the definition of velocity (u A here), and another equation describes the evolution of the velocity. The combination of these two first order equations will determine the position of the photon surface and the orthogonal frame.
To solve the second order differential equation, firstly, one has to impose two boundary conditions. These conditions are not arbitrary and have to satisfy some physical requirements. This point will be discussed in the following sections. By the boundary conditions and appropriate coordinates, the solution to eq.(2.5) is a hypersurface in the spacetime. So, usually, the condition (2.6) is automatically satisfied. Finally, we have to check whether the solution satisfies the condition (2.7) or not.
In the case where a timelike Killing vector fields is presented, the situation is quite simple. In fact, the orthogonal frame can be found from the symmetry without solving the above differential equation.
III. STATIC CASES
In this section, we check the definitions in general static cases. Firstly let us consider the Killing vectors in the spacetime.
Lemma 1 If a Killing vector field ξ of the spacetime (M, g) is normal to the (d − 2) dimensional space (with radius r) everywhere, then it can be expressed as
1)
where ξ A has to satisfy
2)
Proof : In the coordinate system {y A , z i }, generally, ξ can be expanded as
Since ξ is normal to the codimension-2 space covered by the coordinates z i , we have ξ i = 0. From the Killing equation, we have
where we have used the fact that Christoffel symbols satisfy
Corollary 1 If r is not a constant, in the untrapped region or trapped region of the spacetime, ξ A has to be proportional to AB D B r, where AB is the components of the Levi-Civita tensor of the two dimensional Lorentz manifold (M, h).
Theorem 1 If (M, g) is static, and in the untrapped region of the spacetime, {u, v} is the orthogonal frame given by
5)
Then the position of the photon sphere is determined by eq.(2.5), and eq.(2.6) is trivially satisfied. Proof Let us assume the Killing vector field has a form
Corollary 2 In the case of static, the position of the photon sphere is determined by the following equation
Substitute eqs.(3.5) in to eq.(2.5), it is easy to find the above equation. Actually, this equation has another form. This can be found from the following theorem.
Theorem 2 In the case of static, the photon sphere is determined by the following equation
where σ is defined in eq.(3.6). Proof: Contract the Killing equation (3.2) with D A r and K A = − AB D B r, we have
and K A D A σ = 0. Contract the Killing equation with two D A r, we get
By using this relation and eq.(3.9), we find
Similarly, we have
Based on the above results, we obtain
Substitute this relation into eq.(3.7), we get eq.(3.8). Here, we have assumed that D C rD C r is not vanishing.
For a static spactime, by choosing coordinates, the metric can be put into a form
The Killing vector field is ∂/∂t, and the function σ in eq.(3.8) now is given by ln(r x f /h). From eq.(3.8), it is easy to find that the photon sphere is determined by
where r x = ∂ x r and h x = ∂ x h. The l.h.s. of the above equation is actually proportional to D A (v A /r) in eq.(2.5). We can also calculate the l.h.s of eq.(2.6), and find that on the photon sphere we have
So we can check whether the photon sphere is outer or not just by calculating the righthand side of the above equation. For example, for Reissner-Nordström de Sitter black hole, it is easy to find that eq.(3.15) has two solutions, i.e., two photon spheres. One can check that the photon sphere with a larger radius is outer and the one with a small radius is inner.
It should be noted here, in the theorem 1 and theorem 2, we have used a preferred frame in eqs. (3.5) . This is actually consist with the definition 1, i.e., the frame (3.5) is indeed the solution to the equations in definition 1. This point can be found in following discussion.
Let us consider the general cases which might have no timelike Killing vector field. Now the normal frame {u, v} is not the one simply given by eqs. (3.5) . Generally, we have
where α is a function on the spacetime. It is not hard to find that the first equation in the definition of the photon sphere, i.e. eq.(2.5) becomes
In the case of static, from eq.(3.10), we have X = 0, and
where σ is defined as before. Unlike X, the expression Y is not vanishing in general. Assuming that the zero set of Y is given by S ⊂ M , i.e., Y | S = 0, then, in the case where S = ∅, we find that on S
Obviously, eq.(3.18) or (3.21) is satisfied when α is a constant in some neighbourhood of S, and the position of the photon sphere is just given by the zero set of Y , i.e., S. However, to determine the constant α, we have to consider eq.(2.6) in the definition of the photon sphere. Consider eq.(2.6), we have
In case of the static, K A (andū A ) is proportional to a Killing vector field, X is vanishing everywhere, Y is vanishing on the photon sphere, and α is assumed to be a constant, so we find that on the photon sphere, eq.(3.22) becomes
Generallyv A D A Y is not vanishing, so α must be vanishing. One can imagine that the location of the photon sphere corresponds to the points where Y changes its sign along the direction ofv (roughly speaking, this direction is from the center of the gravitational system to the infinity of the spacetime). So a vanishingv A D A Y actually does not consist with the definition (2.7). In a conclusion, we have a consistent solution (α = 0, S) to eqs.(2.5) and (2.6) . Probably this solution is unique, see [27] [28] [29] for details on the uniqueness of the photon sphere. When S = ∅, i.e., Y is always non-vanishing. From eq.(3.18), α cannot be a constant. To get α, one has to solve this complicated differential equation. For example, in Minkowski spacetime, the equation reduces to
It is not hard to find a solution
where t 0 is a constant, and u = r
(3.29)
After substituting the above results, we find eq.(2.6) or eq.(3.22) is trivially satisfied. For an arbitrary nonvanished fixed r, we have an orthogonal frame by eqs. (3.29) , and the surface is a photon sphere according to the definition. However, these photon spheres are degenerate, because the condition (2.7) can not be satisfied. Actually, we always have v B D B D A (v A /r) = 0. The condition (2.7) effectively rules out this trivial case which has nothing to do with gravity [17] .
IV. DYNAMICAL SPACETIMES
In general, without the knowledge of α, we can not get the position of the photon sphere in principle. So the condition (2.6) in the definition 1 is necessary. However, in the study of the photon surface in the definition 3, the condition (2.6) is trivially satisfied. What we are facing is a second order differential equation and associated boundary conditions. We assume that u can be expressed as
where τ is the proper time of u. After substituting this expression into eq.(2.5) or (2.8), we get a second order equation. Provided with two boundary conditions, we can get the photon surface.
Assuming that the photon surface has been found, then we can get the evolution equations for some important quantities. For example, the evolution equation of α. In fact, eq.(3.18) can be written aṡ
where, for an arbitrary scalar f ,ḟ is defined aṡ
From eqs. (3.19) , and the definition of the photon sphere, we find that eq.(4.2) can be written aṡ
where q = T AB v A u B is the momentum of the matter field along the direction v.
To get more useful results, let us consider some identities. For the spacetime with the metric (2.1), the so-called focussing equations reduce to the following simple forms (see [30, 31] and references therein)
where G AB is the components of Einstein tensor, and
The symbol R denotes the scalar curvature of the codimension-2 surface with the constant r, i.e., we have
are expansions along u and v respectively. Based on eq.(4.5) and the definition (2.5), we get a theorem as follows.
Theorem 3 For the spacetime with the metric eq.(2.1), the evolution of the photon sphere is described by the following equations
where p = T AB v A v B and E s is the restriction of the so-called mass function
to the photon sphere, and
. Here, we are considering Einstein gravity with the cosmological constant Λ, so the mass function E has a form (4.13) in which the contribution from the cosmological constant has been included [32] . In the case where Λ = 0, k takes value 1. If Λ = 0, k might be 0 and ±1. It should be noted here: although that the definition of the photon sphere does not depend on the theory of gravity, the above equation (4.12) is only valid in Einstein gravity with (or without) cosmological constant. One can get similar theorems in other gravity theories by choosing appropriate mass functions.
Theorem 4 The evolution of α is given bẏ
where sin ϑ = tanh α, and N s is the restriction of
on the photon surface.
Consider the definition of the mass function (4.13) and eq.(4.12), it is easy to find that eq.(4.4) can be transformed into the above form. It should be noted here that N 2 is always positive because we are considering the untrapped region of the spacetime. This also means that N s is always a real function.
Based on eqs.(4.5), (4.6), it is also easy to find the evolution of the mass function:
Theorem 5 The evolution of the energy inside the photon sphere is determined bẏ
One point should be noted here is that the above equation can be applied to an arbitrary codimension-2 surface with an arbitrary orthogonal frame {u, v} because that the definition (2.5) is not necessary in the reduction of the theorem.
At the end of this section, we give some discussion on these theorems. (i). Eqs.(4.12), (4.15), and (4.17) are main equations for the evolution of the photon sphere. In the study of the photon surfaces, the spacetimes and the matter distribution are assumed to be known in advance. This suggests that h AB (y), r(y), and T AB (y) are functions we have known. The unknown functions in eqs.(4.12), (4.17), and (4.15) are E s , r s , and α. Assume we have get the details of the photon surface in the coordinate system {y A }, then eqs.(4.12), (4.15), and (4.17) form a closed system, and we can solve these equations supplied by some boundary or initial conditions. Conversely, starting from eqs.(4.12) and (4.15), by eliminating α andα, we can get the second order equation for the photon surface. So eqs.(4.12) and (4.15) can be understood as the equation for the photon surface.
(ii). Eq.(4.17), in some sense, is an identity. However, it provides us useful information on the boundary conditions of the photon surface equation. In some case, the mass function E is well known, for example, the mass function for the Schwarzschild spacetime is a constant, i.e., the ADM mass. When some spacetime is jointed to the Schwarzschild spacetime in a physically meaningful manner, the eq.(4.17) implies that the change of the mass function has to be vanishing on the boundary. This gives a condition of the evolution vector u on the boundary. Since E s can be understood as the total energy inside the photon sphere, so the value of E s on the boundary is a kind of energy balance condition.
(iii).In the case of vacuum, we have p = q = 0. Consider the generalized Birkhoff type theorem for the metric (2.1), the spacetime has to be static outside the event horizon (if exists). With this additional symmetry, the photon sphere does not evolve. So eq.(4.17) implies that E s is a constant, and can be expressed as (Here, we only consider the case with a negative cosmological constant, and E s now is the AMD mass of the asymptotical AdS spacetime [33] . )
where r + is the radius of the event horizon which satisfies N (r + ) = 0. Eq.(4.12) now tells us
So for the AdS black hole with a flat horizon, i.e., k = 0, there is no photon sphere. In the case where k = −1, the photon sphere exists only when r + < . In this case, however, the black hole has a negative mass. When k = 1, it is easy to find that the photon sphere always exists and has a radius which is larger than the one of the event horizon. It is also obvious that photon sphere does not exist in pure AdS spacetime. (iv). In the case of static (matter might exist), r s , E s , and α do not evolve. So eq.(4.17) implies q = 0, i.e., there is no momentum cross the photon sphere. Eq.(4.12) means that the radius of the photon sphere is given by 20) and the location of the photon sphere depends on the detailed content of the matter field. When the pressure p is not vanishing, this is a higher order algebraic equation of r s . It is possible that the equation has several real roots. If this situation happens, the condition (2.7) can be used to classify these photon spheres.
V. DUST COLLAPSE
As mentioned in the introduction, the study of the photon sphere or the photon surface in the gravitational collapse model is important to confirm the reliability of the astronomy observation on the event horizon. In this section, by concrete examples, we show that the occurrence of an event horizon is always accompanied with an outer photon surface, and the event horizon appears almost immediately after the photon surface in the gravitational collapse model of dust.
A. Photon surface equation in LTB model
Assuming the matter field is dust, and the energy-momentum tenor can be written as
where U a is the four velocity of the dust. The comoving coordinates for this fluid is assumed to be {t, x, · · · }, i.e., U = ∂/∂t, then the two dimensional coordinates {y A } now have a concrete selection-{t, x}. The metric of the spacetime can also be put into the LTB form
where κ(x) is the so-called specific bending energy which is a function of x, and r x denotes ∂r/∂x. Here, we only consider the cases without the cosmological constant, and the dimension of the spacetime is four. The Einstein equations reduce to [34] 
where E is the Minsner-Sharp energy, and only depends on the coordinate x now (E t = 0). One can integrate eq.(5.4) and get an implicit solution of r(t, x). The details can be found in [35] [36] [37] . By the definition (2.5), or from eqs. (4.12) and (4.15), in the general LTB model, we get the equation for the photon surface (denoted by x = x(t))
where "˙" denotes the total derivative with respect to the coordinate t. By appropriate boundary conditions, we can (at least numerically) solve this second order ordinary equation and get the photon surface of the spacetimes. In the homogenous case, i.e., the so-called OS model, we have an analytic solution. In the case of inhomogenous , for simplicity, we focus on the marginally bounded collapse, i.e., κ = 0 (see [34] ). In this special case, we have
where t 0 (x) is a function of x, and represents the location of the singularity. So one has t ∈ (−∞, t 0 (x)) and x ∈ [0, +∞). The functions, i.e., E(x) and t 0 (x), in the solution are not fixed. One can choose the coordinates on the initial hypersurface such that the t 0 (x) can be expressed by E(x), for example, see [35] . In this paper, however, this consideration is not necessary. It is not hard to find that the so-called shell-crossing singularity will be absent when (t 0 ) x > 0. This condition is also assumed to be fulfilled in this paper. Substitute (5.6) into eq.(5.5) with κ = 0, one can get the detailed equation for the photon surface.
B. Photon surface in OS model
The OS model is the first model for the dynamcal formation of the black hole. In this model, the dust is homogenous in space, and this implies that the metric is just the FLRW universe, i.e., the function r in eq.(5.2) is given by r = a(t)x, and κ = −Kx 2 , where K = 0 , ±1. The case of marginally bounded collapse corresponds to K = 0, and it will be discussed in the next subsection.
Here, we only consider the case with K = 1. Let x = sin χ, the metric can be expressed as [38] ds 2 = −dt 2 + a 2 (t)(dχ 2 + sin 2 χdΩ 2 2 ) , (5.7) and the photon surface equation (5.5) now becomes
The solution to the OS system can be expressed by the so-called cycloid parameter η ∈ [0, π]( Actually, in the FLRW universe, η is just the conformal time defined by adη = dt.) t = a m 2 (η + sin η) , a(η) = a m 2 (1 + cos η) ,
where a m = r 3 0 2m , r 0 = a m sin χ 0 .
Here, r 0 denotes the initial radius of the dust ball, and m is the ADM mass of the system. By these, we find that the photon surface equation becomes
(5.10)
This equation can be written as
if we introduce Θ = cos χ. The general solution to this equation is given by 12) or cos χ = c 1 cos η + c 2 sin η , (5.13) where c 1 and c 2 are two integral constants. Now let us fix the constants c 1 and c 2 . From the solution (5.9), we find that the surface of the dust ball can be expressed as
The radius of the photon sphere is given by r s = a sin χ = 1 2 a m (1 + cos η) sin χ , (5.15) where sin χ is determined by eq.(5.13).
Outside the ball, the spacetime is the standard Schwarzschild spacetime, and the radius of the photon sphere is given by r = 3m. So we have r s = r b = 3m when the photon surface meets the boundary of the dust ball. r b = 3m gives the time of the intersection point (we have assumed r 0 > 3m)
and then r s = 3m tells us
where " + " implies cos χ > 0, and " − " implies cos χ < 0. Here, obviously, we should chose the positive branch. Physically, on the boundary of the dust ball we should haveĖ = 0, and this gives tanh α = q/p from the eq.(4.17). From the definitions of u and v in (3.17), we have p = (cos χ sinh α −ȧ sin χ cosh α) 2 cos 2 χ −ȧ 2 sin 2 χ , (5.18) and q = (cos χ sinh α −ȧ sin χ cosh α)(cos χ cosh α −ȧ sin χ sinh α) cos 2 χ −ȧ 2 sin 2 χ , (5.19) where is the density of the dust measured by the comoving observer. SoĖ = 0 implies tanh α = ±1 on the boundary of the dust ball. The vector v is past pointing if we chose tanh α = −1. So we have to chose tanh α = 1 on the boundary. On the other hand, assuming the proper time for u is τ , then we have 20) and this suggests that on the boundary dχ dt = cos χ −ȧ sin χ tanh α a(cos χ tanh α −ȧ sin χ) = 1 a .
(5.21)
By using the relation between η and t, we find that on the boundary we have to set
This means that on the boundary we have
then, combine eq.(5.13), we have
Once c 1 and c 2 are fixed, we can calculate the time that photon surface appears. It is given by sin χ = 0, i.e. cos χ = 1. It is not hard to find that the time satisfies cos η s = c 1 , and this equation has a general solution η s = 2πn ± arccos(c 1 ) , (5.26) where n is an integer which should be vanishing here. The sign "±" is chosen to match the physical requirement of smoothness.
Here, we have
The time for the occurrence of the event horizon is given by [38] η e = 2 arccos 2m r 0 − arcsin 2m r 0 .
(5.28) Some calculation show that η e − η s is always negative. So the photon sphere always appears before the event horizon. By substituting η s and η e into eqs.(5.9), we can get the time delay, denoted by ∆t, of the event horizon, see FIG.1 .
Obviously, for a total mass m, FIG.1 shows ∆t has a limit value 2.3409m. This tells us that ∆t does not increase when the size of the dust ball becomes very large once the total mass is fixed. For a system with several Solar masses, ∆t is about 10 −5 ∼ 10 −4 s. While for a galaxy with 10 9 Solar masses, ∆t is about 10 4 s, i.e., about 3.4 hours. So the event horizon still tightly follows the photon surface even for a system with a very large size and small density. This phenomenon also implies that ∆t is not so sensitive to the strength of gravitational field of the system. The observation of the photon sphere or the photon surface is a very good approximation of the event horizon. In FIG.2 , various geometric objects in the OS model have been given. It is easy to find that the photon sphere is a warning of danger for an explorer traveling inside the galaxy (dust ball). However, the remaining flee time is quite short if he (she) has unfortunately crossed the photon sphere. At the end of this subsection, let us check whether the solution here satisfy the definition 1 or not. Based on the solution (5.13), the evolution vector u is given by 29) and the spacelike orthogonal vector v has a form
It is not hard to find
This is vanishing on the photon surface. Some calculation show that on the photon surface eq.(2.6) holds and
So the solution satisfies our definition 1, and the photon sphere is outer.
Here, we give a summary of the boundary conditions for the photon surface. The photon surface has to be anchored to the surface of the dust ball at r = 3m. The energy E s inside the photon surface has to increase to match (on the boundary of the dust ball) the ADM mass m of the spacetime. Furthermore, the increasing rate of the energy, i.e.,Ė s , at the boundary has to be vanishing because that no matter field will enter into the dust ball any more and E s has to arrive at a maximum there. The observer (with four velocity u) sitting on the photon sphere is accelerated. From the expression (5.29) , it is easy to find that the velocity is infinitely boosted on the boundary and the observer can not be accelerated any more.
C. Numerical calculation
The equation for the photon surface is quite complicated even in the case of marginally bounded collapse. Here, we only show the numerical results. As in the paper by Eardley and Smarr [34] , we assume
where ζ ≥ 0, and ν ≥ 1 is an integer. The boundary of the dust ball corresponds to r = 1. Outside the dust ball, the spacetime is the Schwarzschild solution which has a unit ADM mass.
To solve the photon surface equation (5.5), we have to chose suitable boundary conditions. Since the spacetime outside the dust is the standard Schwarzschild spacetime, the location of the photon surface is given by r = 3m, where m is the ADM mass. So on the surface of the dust ball, we have r(1) = 3. From eq.(5.6), this means that the photon surface has to be anchored at the point with coordinates (ζ − √ 6 , 1), i.e., 34) or
if we exchange the roles between x and t in eq.(5.5), and regard the t as a function of x. Now the boundary condition forẋ will be important to get the photon surface. Similar to the situation in the OS model, the key point is the energy E does not change at the boundary of the dust ball because there is no exchange of matter or momentum flux at the boundary. This means the left side of eq.(4.17) has to be vanishing, and this gives q p = tanh α , (5.36) where α is defined in eq.(3.17), and q and p are given as follows
and q = T AB v A u B = 1 − r 2 t (r t cosh α + sinh α)(r t sinh α + cosh α) . (5.38)
By these results, we find that on the boundary we have tanh α = 1, i.e., the frame has to be infinitely boosted such that u approaches a null vector. On the photon surface, assuming the proper time of the vector u is τ , then we have Obviously, similar to the case with K = 1, the photon surface precedes to the event horizon of the spacetime. Of course the apparent horizon and the singularity of the spacetime are always at the future of the event horizon.
ν = 1, ζ finite
In this case, with different ζ, the result of the gravitational collapse might be a black hole or a naked singularity. When 0 < ζ < 6.3084, there is no global singularity, and weak cosmological censorship is satisfied [34] . The subfig.(a) in FIG.1 gives the photon surface for ζ = 5.0. A regular event horizon exists in this case, and the destiny of the dust ball is a black hole. Various geometric objects almost have the same performance as in the case of homogenous. However, when ζ > 6.3084, we have a naked singularity. The event horizon in the subfig.(b) in FIG.4 is singular, and it will end on the null singularity in the center. This center focusing-singularity is not censored. The light ray starting from the singularity can arrive at the future null infinity of the spacetime. The numerical calculation shows that the photon surface is regular. So, for this focusing-singularity, it seems that the difference between the naked singularity and the black hole is not the photon sphere but the optical behavior inside the photon sphere. The black hole has a shadow region inside the photon sphere. Naively, the naked singularity should look brighter than a black hole because of the light rays starting from the singularity. However, the situation is complicated due to the redshift effect and the structure of the spacetime with singularity, and people have found some observation methods to distinguish the global naked singularity and the black hole [20] [21] [22] [23] .
The situation is quite similar to the case with ν = 1. In the case with 0 < ζ < 9.0307, a regular event horizon exists, see subfig. At the end of this subsection, we give a short summary on the photon surface in the marginally bounded collapse model: The photon surface always emerges regardless that the final state is a black hole or a globally naked singularity, and the photon surface always precedes to the event horizon. Another point is that the event horizon always follows closely after the photon surface.
VI. CONCLUSION AND DISCUSSION
In this paper, for the spacetime with the symmetry of a maximally symmetric space, we give a quasi-local definition of a photon sphere in a different way from the one by Claudel, Virbhadra, and Ellis. Our definition is based on the geometry of the codimension-2 spacelike surface and independent of the umbilical hypersurface in the spacetime. Unlike the definition based on the umbilical hypersurface, this new definition effectively rules out the photon surface which has nothing to do with gravity.
By using the definition, we give several theorems on the photon sphere or the photon surface. The combination of theorem 3 and 4 gives a second order differential equation for the photon surface, and the theorem 5 gives a reasonable boundary condition for this equation. With these results in hand, we can study the photon surface in the model of gravitational collapse.
In the homogenous case, i.e. the OS model, based on the idea for the boundary condition, we have an analytic solution to the photon surface equation. This simple model tells us a lot of the common behavior of the photon surface in the gravitational collapse to a black hole. For example, the appearance of the photon sphere is always earlier than the event horizon. The difference between the occurrence times, i.e., ∆t, is mainly determined by the total mass but not the size of the gravitational system. For a massive system with very low density, ∆t is nearly the same as the system with the same mass but higher density. This ∆t is quite short even for a supermassive system. So the event horizon is always closely accompanied by a photon surface. Now we can answer the question asked in the introduction of this paper: in a dynamical collapsing process, the photon surface will not born very early even in the case where the density of the system is very low. At least in the simple model of the gravitational collapse in this paper, the situation will not happen.
In the LTB model, we further investigate the behavior of the photon surface. We find that the photon surface always appears before the event horizon and the apparent horizon both in the case of collapsing into a black hole and a naked singularity. As in the case of homogenous, in some sense, the event horizon or the globally naked singularity is always covered by a photon sphere. The brightness inside the photon sphere is of course important to distinguish the singularity to the black hole [20] [21] [22] [23] [24] . Most of these discussion is limited in classical physics. However, near the global singularity, quantum effects might be inevitable [24] . What will happen once the quantum effect is involved? This needs further investigation.
The question in front of us is the definition of the photon surface beyond the spherical symmetry. Recently, there are some generalizations to the stationary rotating space-times [39] [40] [41] [42] [43] . Similar to our definition here, one way is the generalization of the definition of photon surface. For example, in [39] , Yoshino et. al. have generalized the photon surface to be a transversely trapping surface (TTS). Based this generalization, they also studied the properties of TTSs for static and axisymmetric stationary spacetimes. Another way is the generalization of the so-called ligth ring (LR). For example, Cunha et.al. have generalized the LR to be a fundamental photon orbit (FPO) for the generic stationary and axisymmetric spacetimes [43] .
So there are several open questions to the quasi-local definition of the photon surface. How to generalize our definition to the more general spacetimes? It is known that the photon sphere is replaced by some photon region in Kerr spacetime. Probably, the definition based on the codimension-2 geometry here can provide some clues to the generalization.
